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Preface 

This essay, reprinted with little alteration from the Journal 
of communication, of May and September, 1897, is mainly com- 
posed of data meant to aid in or suggest study of a change of the 
base of numeric notation from ten to some other number, and 
of the means to that end. 

I shall be glad to receive data for correcting or enlarging the 
list of references, or a copy of any other list that may be made. 

Robert M. Pierce 

Chicago, October 17th, 1898 
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Problems of 

Number and Measure 



Who that can perform simple arithmetic processes has not no- 
ticed peculiarities of numbers, numerals, and measures? Who 
has not found " five, ten, fifteen, twenty, twenty-five, thirty • . ." 
easier to remember, than "seven, fourteen, twenty-one, twenty- 
eight, thirty-five, forty-two . . . w t Who knows not, that, though 
he often uses i, &, $, f , and £, he nevertheless dislikes to reduce 
these fractions, so convenient in measuring, into decimals, so 
convenient in calculating T Who that lives in the United States 
has not been struck with the fact that, though "two for five 
cents," or "two for a quarter," are common prices for things, yet 
there is a peculiar process involved in paying for a single thing 
bought separately at such prices t 

Does there not persist an almost universal notion that there 
is a mysterious power possest by the number ten, in virtue of 
which it is responsible for the convenient properties of numbers? 
How many persons see clearly the truth that not only is ten not 
responsible for many, if any, of the convenient properties of 
numbers, but that ten is responsible for many of the inconven- 
ient properties of numbers t How many have suspected that, as 
in a row of pease, there is no special difference between the tenth 
pea and any other pea, so, in general, there is no special difference 
between the tenth thing and any other thing t How many who 
have all their lives stopt and begun again at ten, then stopt and 
begun again at twenty, and so on, have thought that it might 
have been better to have stopt and begun again at eight, six- 
teen, twenty-four, and so on, or at twelve, twenty-four, thirty-six t 
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6 Problems of number and measure 

In modern times this was clearly seen by Emanuel Sweden- 
borg and king Charles 12th, of Sweden, about the year 1719, and 
by certain persons since that time. But, perhaps appalled at the 
immense possibilities of the idea, these persons have tended to 
remain inactive: one in the hope that government would act; 
an other because of the difficulty of selecting the best radix from 
the several radices better than ten ; an other because civilization 
has advanced too far; and still an other because civilization has 
not advanced far enough. Political institutions are, however, by 
no means the only initiative centers of society. It may well be 
idle to postpone action till all voluntarily agree. It may be the 
law of progress "that one, or a few, shall propose; that the many 
shall assent in general; that the few shall then work out the 
details in part; that all shall then move on, and that in the 
erush the final form of the thing proposed shall emerge — never as 
proposed, but often better." So it may be with number. Though 
decimal arithmetic is universal, though metric systems based on 
it have gained some ground, both may be overthrown by reason, 
which may substitute a more nearly perfect system. 

The beauty of the present decimal, or denal, arithmetic, de- 
pends not on the fact that ten is its radix, but on the principle of 
the Arabic, or Hindu, notation, as applied to both whole numbers 
and fractions. The principle of this notation, best shown in its 
graphic form, is that every number shall be exprest in terms 
of the powers of a single number taken as the radix; the figure 
in the units place representing so many times the radix to the 
zero power; the successive figures to the left of the units place 
representing successively increasing powers of the radix ; and the 
successive figures to the right of the units place representing suc- 
cessively increasing negative powers of the radix. 

Now, simply by giving to each of the integral parts, or units, 
of any number a distinctive name and graphic sign, we may use 
that number as the radix of a system of arithmetic in place of 
the present radix ten. The use of ten as a radix probably arose 
through a habit possest by our ancestors, in common with cer- 
tain races of today, of counting on the ten fingers. This radix 
ten having thus arisen out of relation to those things which it is 
now most necessary to count and to divide, is perhaps one of 
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Problems of number and measure 7 

the worst among those radices that may be used in future. 
Among the radices that may be more fit than ten, are eight, 
twelve, and sixteen. Let us see some of their advantages and 
let us formulate some of the problems which should be consid- 
ered by psychologists, mathematicians, and other competent per- 
sons, in order that the most advantageous numeric and metric 
system may be workt out and introduced in the best manner. 
First, let us understand clearly how it is that a simple row of 
figures, as, for example, 725.25, expresses a number. 

Spreading the row out we have : 

7 2 5. 2 5 

which equals : 

7(100) + 2(10) + 5(tf) + 2(A) + 5(tW 
or: 

7(10) 2 + 2(10) 1 + 5(10)° + 2(10)~ 1 + 5(10)* a 

Thus, it becomes clear that the way in which the figures in 
the row 725.25 represent a number is by indicating, according to 
their relative places, the number of times each of the successive 
positive and negative powers of the radix are contained in that 
number. It is evident that, if the figure 7 in this row of figures 
represented not seven times ten square, but seven times eight 
square, and if the other figures of the row represented two times 
eight to the first power, five times eight to the zero power, two 
times eight to the minus first power, and five times eight to the 
minus second power, respectively, the row as a whole would 
represent a number, but a number other than that which it com- 
monly represents. 

If, on the other hand, we have a number, say of pease, and 
wish to express this number, we may do so not only in lots of 
ten each, but in lots of eight each. Instead of saying we have 
" twenty-four » pease, or "two lots of ten pease each and four 
pease over," we may say that we have " three lots of eight pease 
each and no pease over." Thus we may reckon in lots of eight, 
twelve, or any other number, instead of ten. 

In order, however, to use any other number, instead of ten, as 
a base or radix, it is necessary to associate a name and a graphic 



Digitized by 



Google 



8 Problems of number and measure 

sign to each of the integral parts, or units, of that number, and 
to become familiar with the system of combinations thence aris- 
ing, just as we have become familiar with the nomenclature of 
decimal arithmetic. Thus, if we use the number eight as a radix, 
we might retain the present names of the units from one to eight, 
inclusive, writing them thus : 1, 2, 3, 4, 5, 6, 7, 10. Nine might 
be called " eight-ty-one », and be written " 11 w ; ten might be called 
" eight-ty-two ", and be written " 12 " ; and so on to sixteen, which 
might be called " two-eight ", and be written "20 w ; seventeen 
being called " two-eight-ty-one v and written " 21 w . 

If we should use the number twelve as a radix, we might re- 
tain the present names and figures from one to nine, inclusive, 
adding a new name and a new figure for ten, an other for eleven, 
writing twelve " 10 *, and giving it an appropriate name. So if 
we should use the number sixteen as a radix, we might have six 
new figures and appropriate names. If, however, the number 
two should be used as a radix, we might, with only two figures, 
say a "1" and a "2", and of course, a "0*, write any number 
desired. 

Though the retention of old associations might be advantage- 
ous, specially for small numbers corresponding to single figures, 
or simple combinations of figures, it is doubtful if, on the whole, 
any such nomenclature should be used, except in explanations to 
adult persons. For this purpose, and as a basis for the sugges- 
tions and problems to be presented further on, I insert in the fol- 
lowing table certain possible nomenclatures for the octonal, the 
duodenal, and the sexidenal systems of numeric notation, parallel 
with the ordinary denal or decimal system. In the names in this 
table the letters represent the sounds which they represent in the 
phonic spellings of the words in the following list, in which the 
several letters are followed by examples of English words in which 
they occur, the current spelling of each word being followed by 
a phonic spelling in parentheses. The sign (:) is for length of 
sounds. 

p, peat (pi:t) ; d, dale (de:l) ; t, tale (te:l) ; v, vat (vat) ; f, fat 
(fat) ; z, zeal (zi:l); s, seal (si:l) ; n, nail (ne:l) ; 1, live (liv) ; u, pool 
(pu:l); o, own (o:n); a, ask (ask); e, pain (pe:n); i, peat (pi:t). 
The syllabic stress may be considered as uniform, if desired. 
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oetonsl 

(base eight) 

nul 

1 an 

2 ta 
3di 
4fo 

5 fa 

6 si 

7 ze 

10 ton 

11 tonan 

12 tonta 

13 tondi 

14 tonf o 

15 tonf a 

16 tonsi 

17 tonze 

20 tuton 

21 tutonan 

22 tutontu 



denal 

(twMten) 



1 

2 

3 

4 

5 

6 

7 

8 

9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 



duodenal 


sexidenal 


(base twelve) 


(base sixteen) 


nul 


nul 


1 an 


1 an 


2 tu 


2 tu 


3 di 


3 di 


4fo 


4fo 


5 fa 


5 fa 


6 si 


6 si 


7 ze 


7 ze 


8 et 


8 et 


9 na 


9 na 


a te 


a te 


ble 


ble 


10 ton 


c va 


11 tonan 


dla 


12 tontu 


e po 


13 tondi 


f f u 


14 tonfo 


10 ton 


15 tonf a 


11 tonan 


16 tonsi 


12 tontu 


17 tonze 


13 tondi 


18 tonet 


14 tonfo 


19 tonna 


15 tonf a 


la tonte 


16 tonsi 


lb tonle 


17 tonze 


20 tuton 


18 tonet 


21 tutonan 


19 tonna 


22 tutontu 


la tonte 




lb tonle 




lc tonva 




Id tonla 




le tonpo 




If tonfu 




20 tuton 




21 tutonan 




22 tutontu 
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10 Problems of number and measure 

To translate 1 any whole number from decimal notation into 
any other notation, one may proceed as follows : divide the num- 
ber (as decimally exprest) by the radix of the new notation (deci- 
mally exprest). The remainder (after being translated into the 
new notation) is the figure of the units place in the desired new 
notation of the number. If the quotient is smaller than the radix 
of the new notation, it (after being translated into the new nota- 
tion) is the second, or left-hand, figure in the desired new nota- 
tion of the number. If, however, the quotient obtained by the 
first division is greater than the radix of the new notation, divide 
it by the new radix and note the remainder. Proceed as before 
till a quotient is obtained that is less than the new radix. The 
series of remainders and this last quotient (all appropriately ex- 
prest) constitute, when arranged from right to left, the desired 
new notation of the number. 

For example: to translate the number " twenty-f our," exprest 
decimally as " 24," into a notation whose radix is eight, we have 
only to divide 24 by 8 once. The remainder is ; the quotient is 
3. Thus the number " twenty-f our " may be exprest in the octo- 
nal notation suggested in the above table as " 30," or, vocally, as 
"diton. w " Twenty-four w is three times eight (24 = 3 x 8), or, 
octonally, diton is di times ton (30 = 3 x 10). 

To show the details of a more complex case, let us translate 
the denal expression 768923 into duodenal notation : 



12) 768923 




12) 64076 


11 = b (duodenal) 


12) 5339 


8 = 8 " 


12)444 


11 = b " 


12)37 


= " 


3 


1 = 1 " 



768923 (denal) = 310b8b (duodenal). 



i For the methods of translation here given I am indebted in part to James M. Mc- 
Kinlay of New York, who also suggested the use of the formulas used below for loga- 
rithms, and in part to Edwin S. Crawley of the mathematic department of the Univer- 
sity of Pennsylvania, Philadelphia. 
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Problems of number and measure 11 

For translating a decimal fraction into any other notation, we 
may multiply successively by the radix of the new notation, in- 
stead of dividing, as in the case of a whole number. The series of 
integral portions of the successive products (after being trans- 
lated into the new notation) constitute, when arranged from left 
to right, the desired new notation of the fraction. 

The details of the process may be seen in the following trans- 
lation of the denal expression 0.975 into sexidenal notation : 



.975 
16 



(15).600 
16 

(9).600 
# 16 

(9).600 
0.975 (denal) = 0.f99 . . . (sexidenal). 

For, if we 

let x = the number of sixteenths in 0.975, 
then: 

x = 0.975 -^ ^ 

= 0.975 x 16 

= 15.600 

That is, there are 15 even sixteenths in 0.975. The sexide- 
nal expression of what is decimally exprest by "15" then, or 
"f," is the figure which, in sexidenal notation of the decimal 
fraction 0.975, occupies the place just to the right of the units 
place, or point. Similarly the reason for the rest of the above 
processes may be shown. 

In the following table are some common fractions. Opposit 
them are their equals in octonaJ, denal, duodenal, and sexi- 
denal notations, showing the relative complexity of their notation 
in the current decimal or denal system : 
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ootonal 


denal 


duodenal 


sexidenal 


i 


0.4 


0.5 


0.6 


0.8 


i 


0.2 


0.25 


0.3 


0.4 


* 


0.6 


0.75 


0.9 


0.o 


i 


0.1 


0.125 


0.16 


0.2 


t 


0.3 


0.375 


0.46 


0.6 


I 


0.5 


0.625 


0.76 


0a 


1 


0.7 


0.875 


0.a6 


0.e 


* 


0.25252 


0.33333 


0.4 


0.55555 


i 


0.12525 .... 


0.16666 


0.2 


0.2aaaa 


* 


0.08708 


0.11111 


0.14 


0.1c71c 


A 


0.04 


0.0625 


0.09 


0.1 


A 


0.02 


0.03125 


0.046 


0.08 



Multiplication tables for the octonal, denal, duodenal, and 
sexidenal systems may be arranged as follows, for comparison or 
acquisition. All repetitions of the same product in the same 
table, that is, all second or other occurrences of the same number, 
are in italic. 







octonal 












2 


3 


4 


5 


6 


7 






7 


16 


25 


34 


43 


52 


61 






6 


14 


22 


30 


36 


44 


52 






5 


12 


17 


24 


31 


36 


43 






4 


10 


U 


20 


24 


so 


34. 






3 


6 


11 


U 


17 


22 


26 






2 


4 


6 


10 


m 


u 


16 












denal 










2 


3 


4 


5 


6 


7 


8 


9 


9 


18 


27 


36 


45 


54 


63 


72 


81 



8 16 24 32 40 48 66 64 72 

7 14 21 28 36 42 49 66 63 

6 12 18 24, 80 36 42 48 64. 

5 10 15 20 25 SO 36 40 46 

4 8 12 16 20 24, 28 32 36 

3 6 9 12 16 18 21 U 27 

2 4 6 8 10 12 14, 16 18 
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Problems of number and measure 13 

duodenal 

23456789ab 

* la 29 88 47 66 66 74 83 93 al 

a 18 26 84 42 50 6a 68 76 84 92 

9 16 23 80 89 46 63 60 69 76 83 

8 14 20 28 Si 40 48 64 60 68 7± 

7 12 19 24 2b 36 41 48 68 5a 66 
6 10 16 20 26 30 36 40 46 60 66 

6 a 18 18 21 $6 2b 34 39 4& 4-7 
4 8 10 14 18 20 $4, 88 SO 84, 38 

3 6 9 10 13 16 19 80 23 86 29 
2 4 6 8 a 10 12 14- 16 18 lb 

sexidenal 

28456789abedef 

f le 2d 8c 4b 6a 69 78 87 96 a6 b4 c3 d2 el 

e lc 2a 38 46 54 62 70 7e 80 9a a8 b6 o4 d2 

4 la 27 34 41 4e 5b 68 75 82 8f 9c a9 b6 c3 
C 18 24 30 3c 48 64. 60 6c 78 84 90 9c a8 U 
b 16 21 2c 37 42 4d 58 63 6e 79 8* 8/ 9a a6 
a 14 le 28 32 8c 46 50 6a 64 6e 78 82 8c 96 

9 12 lb 24. 2d 36 3f 48 61 6a 63 6c 76 7e 87 

8 10 18 20 28 30 38 40 4* 60 68 60 68 70 78 

7 e 16 lo 23 2a 31 38 Sf 46 4d 64, 6b 62 69 
6 12 18 le 24. 2a SO 36 3c 4$ 48 4e 5i 6a 

5 a f 14 19 le 23 28 2d 32 37 3c 4* 46 4b 
4 8 c 10 14. 18 lc 20 24. 28 2c 30 34- 38 3c 

8 6 9 c f 12 16 18 lb le 21 24 27 8a 2d 
2 4 6 8 a c e 10 12 U 16 18 la lc le 

Some examples of ordinary arithmetic processes are as follows : 

addition 



octonal 




denal 


duodenal sexidenal 


80 


= 


24 


= 20 = 18 


20 


— 


16 


= 14 = 10 



60 = 40 = 34 = 28 
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subtraction 




octonal 
30 
20 


: denal 
= 24 
= 16 


duodenal 
= 20 = 
= 14 = 


sexidenal 
18 
10 


10 


= 8 


= 8 = 


8 




multiplication 




octonal 
30 
20 


denal 
= 24 
= 16 


duodenal 
= 20 = 
= 14 = 


sexidenal 
18 
10 


00 
60 


144 
24 


80 
20 


00 
18 


600 


384 


= 280 = 


180 




division 




octonal 
20)30.0(1.4 
20 


denal 
16)24.0(1.5 
16 


duodenal 
14)20.0(1.6 
14 


sexidenal 
10)18.0(1.8 
10 


100 
100 


80 
80 


80 
80 


80 
80 



The ordinary logarithm of a number being the index of the 
power to which the radix of the current arithmetic, ten, must be 
raised in order to equal that number, the expression of the loga- 
rithm of any number (as 3) in any system other than the decimal 
may be found by the following formula, in which r equals the 
new radix and x equals the desired logarithm: 

r x = 3 
x x log r = log 3 

log x = log of log 3 — log of log r 

By tables of ordinary logarithms the value of x in this equa- 
tion may be found, and by the methods given above the value so 
found may be translated into the appropriate notation. 
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Problems of number and measure 15 

The number of places, or figures, required to express a number 
in different systems of notation, is said to vary inversely as the 
logarithms of the radices of those systems. Thus, a number 
exprest in the decimal system by 3 figures requires 10 figures for 
its expression in the binal system ; while a number exprest in the 
decimal system by 9 figures requires 10 figures for its expression 
in the octonal system. This inverse ratio of the logarithms of 
the radices is not, however, the ratio of the number of figures 
required for the calculations performed with numbers. For ex- 
ample, to write two numbers in the octonal system requires one- 
third as many figures as are required to write the same numbers 
in the binal system, but to multiply together these numbers in the 
octonal system requires only about one-fifth as many figures as 
are required to multiply together the same numbers in the binal 
system, even after allowing for saving of time by the occurrence 
of ciphers in the binal system. 1 

I can at present but suggest a few directions in which an ex- 
amination of the problems connected with the practical introduc- 
tion of these systems may tend. The facts to be ascertained 
might be arranged under four heads : 

1. To find the condition of current opinion : 

Send circulars or blanks with appropriate questions to mathe- 
maticians, metrologists, makers of calculating machines and 
metric apparatus, engineers, manufacturers, retail and wholesale 
merchants, teachers, and others. 

2. To find the condition of current numeric power : 

By systematic examination and experiment procure statistics 
of the ease with which the decimal system is learned, and the 
ease and correctness with which it is used, for both mental and 
graphic calculation, as well as for metric purposes. 

3. To find the most desirable numeric system : 

Ascertain the relative ease of acquiring new systems of nota- 
tion, the ease and correctness with which these systems may be 
used when once acquired, in different styles both of verbal and 

1 According to W. W. Johnson, Octonary numeration. Bulletin of the New York 
Mathematical Society, 1:1:2. 
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16 Problems of number and measure 

graphic terminology, and the relations of all these facts to each 
other and to the use of the current decimal system. 

4. To find the best method of introducing the most desirable 
numeric system into ordinary use : 

Examine the genesis of similar social changes, as the introduc- 
tion of Arabic figures. Examine the facilities afforded by educa- 
tional, industrial and other institutions for the introduction of 
new numeric systems. Examine different systems of numeric 
notation in relation to their application to existing systems or 
new systems of linear, surface and solid measures of space and 
of solid, liquid, and gaseous matter; to circular or other measures 
of time (clocks) ; to measures of forces, as heat ; to measures of 
value or media of exchange (money); to calculating machines. 
Construct nomenclatures, vocal and graphic, for various numeric 
systems, and make tables for the translation of different numeric 
and metric systems into decimal numeric and metric systems, or 
the reverse. 
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